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Objective: The objective of this research is to solve the pollution equation using the
Chebyshev spectral method and the Chebyshev super-spectral viscosity method.

Method: Spectral and quasi-spectral methods that have been developed in recent years
are able to calculate the solution with higher accuracy than analytical and numerical
methods using fewer nodes and less time. These methods have not been investigated for
solving pollution equations so far. In this study, the solution of pollution equations using
the Chebyshev spectral method and the Chebyshev super spectral viscosity method is
investigated. The results of these methods will be compared with the analytical solution
under different boundary conditions.

Results: In this study, the accuracy of the Chebyshev spectral method and the Chebyshev
super spectral viscosity method for solving pollution equations in two modes of
continuous and stepwise pollutant injection was investigated in comparison with the
analytical solution. The results of these two methods in solving the advection equation
showed that with increasing the number of points, the numerical results are closer to the
analytical solution, and with the same number of points, the Chebyshev super spectral
viscosity method has a higher accuracy in calculating the pollution concentration.
However, none of the graphs match the analytical results. The mentioned methods were
used to solve the advection-diffusion and advection-diffusion-reaction equations in
stepwise injection and were compared with the analytical results. The Chebyshev super
spectral method with the same number of points has a higher accuracy than the
Chebyshev spectral method in solving the advection-diffusion equation. The results of
this method are completely consistent with the analytical results. Also, both methods
have the same results for solving the advection-diffusion-reaction equation, which have
a high accuracy compared to the analytical solution.

Conclusions: the results of this study showed that the Chebyshev spectral methods with
high accuracy in solving the pollution equations, the number of points required for them
is independent of the length of the river. Thus, at a short length, the number of points
required is required in a channel or river with a large length.
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Introduction
Today, the issue of pollution transfer in rivers is considered one of the greatest environmental

challenges and it has profound effects on aquatic ecosystems and public health. The main causes of
water pollution include pollutants, which include two categories of point and non-point sources. Point
source pollutant injection comes in two forms: instantaneous (momentary) and continuous. The
governing equation of flow in the conditions of pollution conditions of the Second order linear non-
homogeneous partial differential equation is that different analytical and numerical methods have been
used to solve it. Some of these methods include the; Laplace transform (Kumar.2020), finite volume
(Kumar et al, 2021; & Chen et al. 2019), finite difference (Noye, 1987), finite element (Jamali, 2019).
These methods require a large number of computational nodes to achieve the desired accuracy. Spectral
and quasi spectral methods which are developing in recent years are able to calculate the solution with
higher accuracy than analytical and numerical methods. In this research, solving the pollution equations
using Chebyshev spectral method and Chebyshev spectral method is studied. The results of this study
will be compared with analytical solution in different boundary conditions.

Method

Pollution simulation was conducted for two scenarios: continuous injection (Eq. 1) and stepwise
injection. The stepwise injection included two cases. In the first case, the initial concentration ¢ is
uniform across all points (Eq. 2), and the upstream boundary pollution input ¢,=0 is terminated (Eq. 3).
In the second case, at time t=0, the pollution input ¢, at the upstream boundary is terminated, and at time
t1, pollution with concentration ¢; is introduced at the upstream boundary, which is then terminated at
time t, (Table 1).

B.C.&(0,t)=¢,0<t<c0 (1)

1.C.&(X,)=00<k<oo

L.C. : &(x,0)=¢, (2)
(€o0<t<ty

B.C. (Upstream).{ &0t>t, 3)

Table 1. Flow and pollutant characteristics with a time-stepped pattern (Meshdgarmeh et al., 2013)
u(m/s) | Dx(m?/s) k(1/s) t1 (s) t2(s) T(hr) | ¢ (kg/m?) | T (kg/m?)
0.3 0.3 0.00001 1000 3600 5 0.5 0.5

Results

The results obtained from the advection - diffusion - reaction equation for the first case of
step injection using spectral and super spectral Chebyshev methods compared to the analytical
solution of Van Genuchten et al (1982) indicate that over time, the maximum pollution
decreases due to the presence of the reaction term. In this case of pollutant injection, both
numerical methods have the same accuracy in predicting the amount of pollution (Figures 1 and
2).



SOLVING THE POLLUTION EQUATIONS...|Roshanaei & Darvish

0.5
w A Cheb t=3428 S
E _
$ . °
04 ! ; N og — = = Exact t=3428 s
NI
! I : 0 Cheb t=7026 s
~ 03 i : :
z : I s ? - - = Exact t=7026s
2 TR S
2 ., ! : o Cheb t=10624 s
5 . 4 # ° o
: &' i’ H = . Exact t=10624 s
0.1 | . ¢
! R X o Cheb t=14222s
i 4 s 5
. i eecccce Exact t=14222 s

0 1000 2000 3000 4000 5000 6000 7000 8000

X (m)

Figure 1. Comparison of the spectral Chebyshev method with the solution of Van Genuchten and Alves
(1982) for step injection (Case 1).
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Figure 2. Comparison of the super spectral Chebyshev method with the solution of Van Genuchten and
Alves (1982) for step injection (Case 1).

The results obtained from solving the advection - diffusion - reaction equation for the second
case of step injection using the spectral and super-spectral Chebyshev methods, compared to
the analytical solution at different times, show that both spectral methods have the same
accuracy in calculating the concentration of pollutants. Therefore, it can be concluded that the
spectral and super-spectral Chebyshev methods have equal precision in solving the advection-
diffusion - reaction equation (Figures 3 & 4); however, the execution speed of the spectral

Chebyshev method is greater than that of the super-spectral Chebyshev method.
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Figure 3. Comparison of the spectral Chebyshev method with the solution of Van Genuchten and Alves
(1982) for step injection (Case 2).
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Figure 4. Comparison of the super spectral Chebyshev method with the solution of Van Genuchten and
Alves (1982) for step injection (Case 2).

Conclusions
In this research, the accuracy of the Chebyshev spectral method and the Chebyshev super

viscosity method was examined for solving pollution equations in two scenarios: continuous
and stepwise pollutant injection, compared to analytical solutions. The results of these two
methods in solving the advection equation indicated that as the number of points increased, the
numerical results approached the analytical solution, and at the same number of points, the
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super viscosity Chebyshev method exhibited higher accuracy in calculating pollutant
concentration. However, none of the graphs fully aligned with the analytical results.

The mentioned methods were employed to solve advection -diffusion and advection -
diffusion-reaction equations under stepwise injection and were compared with analytical
results. The super viscosity Chebyshev method demonstrated higher accuracy than the standard
Chebyshev method in solving the advection -diffusion equation at the same number of points.
The results from this method were in complete agreement with the analytical results.
Additionally, both methods yielded similar results for solving the advection -diffusion-reaction
equation, showing high accuracy compared to the analytical solution. However, due to a greater
operations computational, the super viscosity Chebyshev method had a lower execution speed
than the standard Chebyshev method. The Chebyshev spectral methods with high accuracy in
solving the pollution equations, the number of points required for them is independent of the
length of the river. Thus, at a short length, the number of points required is required in a channel
or river with a large length.
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